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We show in a model-independent way that the inhomogeneous cosmological class II Stephani model fulfills
both the the cosmological holographic principle, and that the entropy is increasing with time. By this we
mean the result does not depend on any assumption on the time evolution of the scale factor, or on the matter
content of the Universe, we also do not need to use the numerical values of the cosmological parameters,
which are inferred in the framework of the usual homogeneous Friedmann model. Therefore our analysis
is not affected by the tension of the current estimates of the Hubble parameter, and does not rely on any
model-dependent assumption of the entropy amount at the present epoch. Our analysis allows us to set
an upper limit for the inhomogeneity parameter of the model, an upper bound for the size that this type of
universe can reach during the time evolution, a lower bound for the entropy abundance, and an estimate of
the present day value of the deceleration parameter.
I. INTRODUCTION: STEPHANI COSMOLOGY AND ITS PROBLEMS
According to the central tenet of general relativity, gravity is the manifestation of spacetime curvature. What then is the
geometry of our actual Universe1? The search for the best cosmological model can be roughly divided into two distinct
phases: the theoretical model building and the test against available astrophysical datasets. The former can be addressed by
choosing a certain gravitational theory (general relativity is the most common adopted nowadays, but extensions beyond it
have been investigated as well), derive the field equations through a variational principle, and solve them based on some
assumptions about the large scale geometry of the Universe and its matter content. When the differential equations at the
core of the theory are solved, some free integration parameters appear, and they can be constrained by considering the data
provided by astrophysical observations. Of course, it is possible that no matter how one fixes the numerical values of such free
parameters the astrophysical datasets cannot be accounted for under a chosen model. The most pedagogical example that
can illustrate this point is the static Einstein universe, which cannot account for the Hubble law describing the cosmic flow of
the galaxies from each other regardless the amount of matter-energy it contains [1]. The current concordance model is the
so-calledΛ-Cold Dark Matter model (ΛCDM), which implements the assumptions of homogeneity and isotropy to general
relativity (which leads to the adoption of the Friedmann-Lemaître-Robertson-Walker, or FLRW, metric) and a mixture of
pressureless dark matter and dark energy (the latter is assumed to be a cosmological constant). The comparison with the
observational data allows one to estimate the relative abundance of these two matter components and the age of the Universe
[2]. It is fair to say that, for now, theΛCDM cosmology remains as our best model of the Universe.
There are many challenges to this framework that, however, remain to be addressed. For example, the theoretical estimate
of the dark energy scale from quantum field theory and its inferred value in this framework differs by some 120 orders of
magnitude [3]. There is also seemingly no good reason as well to why we (the observer performing the measurements)
currently live in an epoch in which dark matter and dark energy abundances are of the same order of magnitude (the
so-called “coincidence problem”) [4], and more importantly there is no direct evidence of dark energy, which is considered
the most urgent open question within the cosmological community [5]. Moreover, linear perturbation theory applied to this
model cannot quite account for the formation of primordial black holes [6]. With these problems in mind, and maintaining
general relativity as the correct theory of gravity, some inhomogeneous cosmological models have been proposed. Intuitive
motivations behind them is that the aforementioned Copernican principle is just a philosophical and prejudicial requirement
[7], and that a detected almost-isotropic temperature distribution does not imply an almost-isotropic universe [8, 9]. For
example, after the first detection of gravitational waves by the LIGO collaboration [10], current projects still cannot confirm
whether their spectrum and distribution are indeed homogeneous and isotropic [11]. Therefore there are numerous reasons
for considering inhomogeneous models other than Friedmann. In addition, there is no proof that small scale inhomogeneities
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1 We use lower case “universe” to describe a generic, hypothetical spacetime, and uppercase “Universe” for the one we actually living in.
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2(smaller than 100 Mpc [12]) are irrelevant for the global evolution of the Universe as a whole [13, 14].
The competition among inhomogeneous models themselves is fierce. It was first claimed that the Lemaître-Tolman-Bondi
(LTB) model can account for the observed luminosity distance of the type Ia supernovae without the need of dark fluids
but assuming that the Earth is placed inside a giant void [15], but later this model was ruled out by the kinematic
Sunyaev-Zel’dovich effect [16]. Recently it was proved that vacuum models based on regular lattices of black holes can
support a negative deceleration parameter [17], but they have not yet been tested against available data, that is, the amount of
"accelerated expansion" may not be enough for describing the real Universe. On the other hand, inhomogeneous models
displaying sharp profiles of the matter density, or of other cosmological parameters, have been derived as a proposed
solution to the structure formation problem, but questions remain regarding whether they can be well-fitted with other
datasets [18–20]. Last but not least, the Stephani model has been proposed as a possibility of having a universe filled with a
homogeneous energy density but supporting an inhomogeneous pressure [21–28]. In this case the equation of state of the
fluid permeating the universe is dynamical, meaning that it changes both in space and in time, thus allowing for different
spacetime regions to be filled by different types of matter.
The most widely adopted techniques for testing the cosmological model under investigation rely on astrophysical
analyses and the studies of the distance modulus for the type Ia supernovae [29–31], the cosmic microwave background
radiation [32, 33], the baryon acoustic oscillations [34, 35], the gamma ray bursts [36–38] and the sum-distance rule [39].
However, fundamental physics like thermodynamics can be exploited for confirming the validity of a certain cosmological
model. For example, the total entropy amount of the universe cannot decrease in time, in accordance to the second law of
thermodynamics. Another requirement is that of “cosmological holographic principle”: one should compare the amount
of entropy inside the dynamical apparent horizon with the area of the horizon itself, see [40] for a review. If one takes the
holographic principle seriously, then the entropy of a physical cosmology should be bounded above by the horizon area. This
principle has already been applied to the inhomogeneous Tolman-Lemaître-Bondi metric [41], some (2+1)-dimensional
cosmological models [42], and some dark energy models [43–45], as well as to the cosmic microwave background radiation
data [46]. Recently a specific Stephani model was investigated along this line [47]. However, we found that this analysis
contains both some inconsistent assumptions and technical mistakes which render its results doubtful, and a separate
analysis should be performed ab initio.
The aforementioned study, conducted by some of the present authors [47], is unfortunately incorrect due to the following
reasons. The main result in [47] is that a certain Stephani metric based on a specific time evolution of the scale factor is
compatible with the holographic requirement, but not with the type Ia supernova data. The analysis assumes that the type of
matter permeating the universe is dust, in particular when estimating the numerical values of the free parameters entering the
model from the dark matter abundance of theΛCDM model. However, the equation of state supported by the cosmological
fluid for the location of the observer considered there in the Stephani model is not dust but some matter that satisfies p =−ρ3
as explained in section 2 of [27]. This exotic equation of state was first proposed in the context of straight cosmic strings for
describing phases transitions in the early universe, but according to the current standard model of cosmology it does not play
any role in the late time evolution [48–50]. This completely undermines all the analysis therein. In addition, [47] also contains
other computational mistakes, beyond this conceptual one, which essentially follow from missing speed-of-light factors and
some wrong signs. For the sake of a clearer exposition, we summarize them in a table in the appendix to this paper, so that at
least the interested reader can better understand the mathematics behind this project, but we will not comment on them any
further because, as we mentioned, even after those corrections the model would still be physically meaningless because of a
wrong physical assumptions. Therefore we need to re-open the investigation into the second law and holographic principle in
Stephani cosmology.
The purpose of this paper is to establish a quantitative relationship between the abundance of inhomogeneities, the
Hubble function, and the abundance of regular matter in a Stephani universe for accounting for the thermodynamical
requirements. It is shown that the holographic principle allows us to set an upper bound on the inhomogeneity parameter
and on the maximum spatial size that this type of universe can reach, and a lower bound on its entropy content, while the
second law of thermodynamics allows us to restrict the range of validity of the values of the deceleration parameter. Our
manuscript provides as well the opportunity of listing the mistakes which invalidate [47].
Our paper is organized as follows: in the next section we will exhibit the difficulties of constructing a simple explicit Stephani
model with dust at the present epoch. In the third section we will argue that such explicitly constructed model is not required
for concluding that Stephani cosmology is in agreement with both the holographic and increasing entropy requirements.
Finally in the last section we conclude with some discussions about the viability of Stephani cosmology, and the virtue of
our method of analysis. We provide at the end of this manuscript an appendix discussing some technical problems of the
previous study [47].
3II. DUSTMODELING IN A STEPHANIMODEL
Consider the Stephani cosmological model given by the metric tensor
ds2 =− c
2
V 2(t ,r )
dt2+ R
2(t )
V 2(t ,r )
[dr 2+ r 2(dθ2+ sin2θdφ2)], (1)
with
V (r, t ) = 1− β
c2
R(t )r 2, (2)
k(t ) = −4βR(t )
c2
, (3)
where β is a free parameter of the model with dimension [β]= km2/(s2Mpc). Moreover let [R(t)]=Mpc, [r ]= [V (t ,r )]= 0,
[c] =km/s, [t ] =sMpc/km. Here c is the speed of light and G is the Newton constant of gravitation. In the limit β→ 0 the
model reduces to a flat Friedmann universe. This model fulfills the condition ddt
(
k(t )
R(t )
)
= 0 and is more specifically known
in the literature under the name “Stephani model II’ ’ or Da¸browski model [51–53]. We prefer to focus on this class of the
Stephani model, instead than on the Class I model, which is defined by the condition ∂
2
∂t2
(
V (r,t )
R(t )
)
= 0, because in this case it is
possible to fully account for the strength of inhomogeneities just using one free parameter entering the metric (in fact these
models are defined respectively through a first order and a second order differential equation) which will be shown to play a
similar role than the cosmological constant in the Friedmann equation.
Now, let an over-dot denote derivative with respect to the cosmic time t , a semicolon a covariant derivative, a subscript 0
the present day values, and a subscript e the quantities at the end of the radiation era. Consider the observer four-velocity
uµ = cV (t ,r )δ
µ
t , uµu
µ =−c2. The Hubble function is
H(t ) := u
µ
;µ
3
= R˙(t )
R(t )
. (4)
Let
q(r, t ) = q(t )+ β
4
r 2R(t )(1+q(t )), (5)
q(t ) := − R¨(t )R(t )
R˙2(t )
(6)
be the deceleration parameter. We stress that this model supports a homogeneous Hubble function (i.e. rate of expansion),
but a space-dependent deceleration parameter as pointed out in [54]. Therefore the location of the observer is of crucial
importance for detecting an accelerating or a decelerating expansion of the universe. The Einstein equations are given
by Gµν = (8piG/c4)Tµν, where Gµν is the Einstein tensor and T µν = diag[−ρ(t)c2, p(t ,r ), p(t ,r ), p(t ,r )] is the stress-energy
tensor. In this model the energy density ρ(t ) is homogeneous, while the pressure p(t ,r ) is inhomogeneous. The time-time
component of the Einstein equation constitutes the generalized Friedmann equation(
R˙
R
)2
= 4β
R
+ 8piG
3
ρ , (7)
which can be recast as the Gauss constraint
1=Ωinhom+Ωm, (8)
in which we have introduced the matter parameters
Ωinhom :=
4β
RH2
, Ωm := 8piG
3H2
ρ . (9)
In particular the former takes into account the effect of the inhomogeneities, and thus physical interpretation requires β> 0,
which implies that this model has a negative curvature k(t )< 0. The latter comes with a subscript m – for “matter” – it can
account for a pressureless dust, a radiation fluid, or any other type of fluid. In the limit ρ→ 0 of a vacuum spacetime, the
model can be easily integrated as
R(t )=β
(
t − t0+
√
R0
β
)2
, (10)
4and it is accelerating in the center of the universe because
q(t ,r = 0)=−2β R
R˙2
< 0. (11)
The mix-rank spatial components of the Einstein tensor read as
Gr r =Gθθ =Gφφ =
2r 2βR(rRR¨− R˙2+2βR)− c2(2RR¨+ R˙2−8Rβ)
R2c4
. (12)
Having dust at the center of the universe at the present time requires p(t0, r = 0)= 0, which impliesGr r (t0, r = 0)=Gθθ(t0, r =
0)=Gφφ(t0, r = 0)= 0, that is
2R0R¨0+ R˙20 −8R0β= 0, (13)
which gives
β= 1
8
(1−2q0)H20R0 . (14)
This in turn relates the amount of the inhomogeneities to the the deceleration parameter, the Hubble function and the present
day curvature via
β= |H0|c
4
√(
q0− 1
2
)
k0 . (15)
To have β real (and in fact positive) requires q0 É 1/2. Let
re :=
∫ te
0
c
R(t )
dt (16)
be the position of the emitter. Having a radiation fluid located at re at time te requires p(te , re )= c
2ρ(te )
3 . The two nontrivial
components of the Bianchi identities T µν;ν = 0 read:
ρ˙R(c2−Rβr 2)+3R˙(c2ρ+p)= 0, (17)
p ′(Rβr 2− c2)−2βRr (ρc2+p)= 0, (18)
where a prime denotes a derivative with respect to r . The latter can be integrated to
p(t ,r )= (βRr 2− c2)F1(t )− c2ρ , (19)
where F1(t ) is an arbitrary integration constant. Then the former can be formally integrated as:
ρ(t )= 3
∫
F1(t )H(t )dt +C , (20)
where C is an arbitrary integration constant. Choosing F1(t )=−ρ(t ) we get
p(t ,r )=−βR(t )r 2ρ(t ), (21)
which guarantees to have dust at the center of the Universe at the present time. However it is not possible to have radiation at
re at any time because β> 0. Furthermore in this case the energy density dilutes as
ρ(t )= ρ0R
3
0
R3(t )
, (22)
and the only field equation we are left to integrate is
RR˙2−4R2β− 8piGρ0R
3
0
3
= 0. (23)
5Introducing a conformal time dt =R dη we get the parametric solution
R(t )=β−1/3P
(
β1/3η+C1,−
8piGρ0R30
3β1/3
,0
)
, (24)
in terms of the Weierstrass elliptic functionP , with C1 being an integration constant.
On the other hand, if we fix F1(t )= ρ(t ) instead, we would obtain
p(t ,r )= (βR(t )r 2−2c2)ρ(t ), (25)
which is compatible with a radiation fluid as long as β= 2c2R(te )re , but cannot describe dust at the center of this universe at any
time.
Following [54], let
R(t )=αtγ , (26)
with [γ]= 0 and [α]= (km/s)γMpc1−γ. Intuitively this is the simplest free-parameter model one can have. In fact in the time
evolution of the scale factor we have one constant accounting for the power law behavior, and one constant for fixing the
appropriate physical dimensions. With this choice we get
8piG
c4
p(t ,r = 0)= αγ(2−3γ)+8βt
2−γ
α(ct )2
, (27)
which can be interpreted as dust at the present time t0 if we impose
α= 8βt
2−γ
0
γ(3γ−2) . (28)
Note that [54] writes R(t )∼ t2/3; in this way p(t ,r = 0)∼ t−2/3 which is dust for late times. However we want dust at current
epoch t0 instead. Moreover,
H(t ) = γ
t
, (29)
q(t ,r = 0) = 1−γ
γ
. (30)
Therefore we see that an accelerating universe for an observer placed at the center of the configuration requires either γ< 0 or
γ> 1. However a negative γ implies a collapsing universe (since Hubble function is negative), while γ> 1 causes the integral
defining re in (16) to diverge at t = 0. So it seems that all these conditions cannot be satisfied together.
In fact this limitation is even worse. To see this, note that
H0 = R˙0
R0
= αγt
γ−1
0
R0
= αγt
γ−1
0 Ωinhom0H
2
0
4β
= 2t0Ωinhom0H
2
0
3γ−2 , (31)
where we have used (9) and (28), and therefore
Ωinhom0 =
3γ−2
2t0H0
, (32)
or
γ= 2
3
(Ωinhom0t0H0+1) . (33)
So there is the need of one more condition for fully fix all the free parameters α, β, γ. The previous formulas suggest two
possibilities for fixing another parameter of the model:
γ=H0t0 , (34)
6H0 in km s
−1Mpc−1 t0 in km−1s Mpc γ q0 Ωinhom0
72 0.014 1.008 -0.008 0.51
71 0.014 0.994 0.006 0.49
72 0.013 0.936 0.068 0.43
TABLE I: This table summarizes some possible combinations of various values for the cosmological parameters and the free parameters
entering a two-parameter dust Stephani model.
or
γ= 1
1+q0
. (35)
Thus we have the following possibilities summarized in Table 1, which show that it is not possible to reproduce the predicted
present day value of dark energy abundanceΩΛ0 (whose role in this model is played by the spatial inhomogeneities from
(9) according to the interpretationΩΛ→Ωinhom) starting from the values of the Hubble function and of age of the universe
provided by the analyses of the supernovae luminosity distance, the cosmic microwave background, the baryon acoustic
oscillations and the gamma ray bursts discussed for example in [29–38].
III. A GENERAL APPROACH TO THEHOLOGRAPHIC PRINCIPLE IN A STEPHANI COSMOLOGY
In the previous section we have explained why it is not possible to construct a trivial time evolution of the scale factor for a
Stephani cosmology fulfilling all the constraints we need for setting up a proper discussion of the holographic principle. Basic
mathematics states that if we write
R(t )=
n∑
i=1
ai t
bi , (36)
then we are likely to fulfill n independent conditions by choosing properly the values of n constants ai and bi . However in
this section we will show that it is possible to tackle the holographic principle and the second principle of thermodynamics in
the Model II Stephani cosmology in a more elegant way with just few basic assumptions on R(t ).
Let r˜ = (R(t )/V (t ,r )) · r be the areal radius. The position of the dynamical apparent horizon rAH can be obtained by
imposing the condition ||∇r˜ ||2 = 0 [41, 47]. Thus we must solve the equation
(βRr 2AH+ c2)2− c2r 2AHR˙2 = 0, (37)
which admits four mathematical roots:
rAH =±
 R˙±
√
R˙2−4βR
2βR
c , (38)
where all the possible sign combinations must be considered. For understanding which is the physically relevant solution we
start by rewriting the four roots in terms of the cosmologically meaningful parameters as:
rAH =±Hc
2β
(1±
√
Ωm) . (39)
We will from now on assume this universe to be expanding, i.e. to have a positive Hubble function. The relevant solution
for rAH must be positive, and this already eliminates the possibilities (− +) and (− −), where for the latter case we used the
constraint that the matter parameter has to be smaller than unity. Then we note that the solution must be small because we
are assuming that the observer is located at the center of the universe r = 0, and we must take into account that this model of
the Stephani universe exhibits a spatial section consisting of two disconnected sheets (because its curvature is negative) of
which only the one containing the spatial origin, .i.e. the location of the observer, can be of physical interest [26]. The "branch
point" rB (t ), which separates the two spatial sheets is such that V (t ,rB )= 0, which provides the condition
rB (t )= 2|k(t )|−1/2 . (40)
7Thus we must impose rAH < rB , i.e. that the dynamical apparent horizon must belong to the so-called near sheet. This would
eliminate the choice (+ +), leaving us with the only well-defined solution
rAH(t )= Hc
2β
(1−
√
Ωm) . (41)
We need rAH(t0)< rB (t0), and rAH(te )< rB (te ), which are true as long as
1−
√
Ωm0 <
√
1
2
−q0 , (42)
1−
√
Ωm(te )<
√
1
2
−q(te ) . (43)
The area of the dynamical apparent horizon is
A(t ) = 4pir˜ 2AH = pi
[
4cRH(1−pΩm)
4β−RH2(1−pΩm)2
]2
= pi
[
4c3(−k)H(1−pΩm)
16β2+kc2H2(1−pΩm)2
]2
. (44)
The time evolution of the "matter" entropy is
Sm(t )=C r 3AH , (45)
where we have introduced an overall constant (note that having radiation or another type of fluid affects only the value of this
constant and not the previous formula)
C = 4κ
4
B
135
·
(
piT
ħ c
2
)3
·
(
R(te )
V (te ,re )
)3
, (46)
where T is the temperature, κB is the Boltzmann constant, and ħ is the reduced Planck constant. Now for establishing the
validity of the holographic principle we must see under which conditions we can satisfy the inequality
Sm(t )
A(t )
> 1, (47)
and to check the second law of thermodynamics, to see if
dSm(t )
dt
> 0. (48)
These two inequalities mean that the entropy inside the region bounded by the dynamical apparent horizon must be larger than
the area of this region, and that the entropy must be an increasing function of the time.
A. Holographic Principle
Inequality (47) can be rewritten as
C
4pi
· r
3
AH
r˜ 2AH
= C
4pi
· rAHV
2(t ,rAH)
R2(t )
= C rAH
4pi
(
c2−βRr 2AH
c2R
)2
> 1 (49)
Taking into account that a multiplication by the same positive factor on both sides does not change the sense of an inequality,
using the location of the dynamical apparent horizon from (41) and replacing the metric scale factor in terms of the matter-
energy density from (9) as
R = 4β
H2(1−Ωm)
, (50)
80.2 0.4 0.6 0.8 1.0 Ωm
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f (Ωm)
FIG. 1: The figure confirms that the function f (Ωm)= 3Ωm+1−3Ω1/2m −Ω3/2m is positive-definite in the interval of physical interest.
we can recast the holographic principle requirement into:
CH5cΩm[3Ωm+1−3Ω1/2m −Ω3/2m ]−32piβ3 > 0, (51)
in which we note that the function f (Ωm)= 3Ωm+1−3Ω1/2m −Ω3/2m is positive-definite in the interval 0≤Ωm ≤ 1 as shown in
figure (1). Therefore the holographic principle is trivially satisfied in a flat Friedmann universe for which β→ 0, and it sets an
upper bound to the abundance of inhomogeneities in the Stephani model as
β<
(
CH5cΩm[3Ωm+1−3Ω1/2m −Ω3/2m ]
32pi
) 1
3
=
(
CH5cΩm
4pi
) 1
3 1−pΩm
2
. (52)
Therefore the holographic principle sets an upper bound to the maximum size the Stephani universe can evolve to via Eq.(50).
Furthermore, using Eq.(15) it is possible to set a lower bound for the present day entropy amount as
C > c
2pi((2q0−1)k0)3/2
4
p
2H20Ωm0[1−
p
Ωm0]3
(53)
B. Second Law of Thermodynamics
To check the validity of the second law of thermodynamics, we must see whether r˙AH > 0. The following results may be
handy. From the time derivative of the generalized Friedmann equation (7) we get
H˙ =−2β
R
− 4piGρ0R
3
0
R3
< 0 (54)
where we used the law of energy conservation for dust (22). Moreover,
Ω˙m =−Ω˙inhom =
4β
RH
[
1+ 2H˙
H2
]
= (1−Ωm)H
32β3
[
32β3Ωm−4piGρ0R30H4(1−Ωm)3
]
, (55)
where in the last step we used (50) and (54). Therefore
r˙AH = 1
2β
[
H˙(1−
√
Ωm)c− H
2
p
Ωm
· Ω˙mc
]
(56)
= H
2(1−Ωm)c
32
p
Ωmβ4
[
piGρ0R
3
0H
4(2Ω3/2m −Ω5/2m −Ω1/2m + (1−Ωm)2)−8Ω1/2m β3
]
= H
2(1−Ωm)c
32
p
Ωmβ4
[
piGρ0R
3
0H
4(1−Ωm)2(1−
√
Ωm)−8Ω1/2m β3
]
= H
2(1−Ωm)c
4
p
Ωmβ
[ 3Ωm0
H40 (1−Ωm0)3
H4(1−Ωm)2(1−
√
Ωm)−Ω1/2m
]
90.2 0.4 0.6 0.8 1.0 Ωm0.2
0.4
0.6
0.8
1.0
g(Ωm)
FIG. 2: The figure confirms that the function g (Ωm)= 2Ω3/2m −Ω5/2m −Ω1/2m + (1−Ωm)2 is positive-definite in the interval of physical interest.
where in the last step we used Eq.(50) and Eq.(9) specified at the present time. We note that the function g (Ωm)= 2Ω3/2m −
Ω5/2m −Ω1/2m + (1−Ωm)2 = (1−Ωm)2(1−
p
Ωm) is positive-definite in the region of physical interest as shown in figure (2).
Imposing the validity of the second law of thermodynamics at the present time t0 we get the condition:
3
√
Ωm0(1−Ωm0)2(1−
√
Ωm0)− (1−Ωm0)3 > 0, (57)
which can be simplified as
3
√
Ωm0−2Ωm0−1> 0. (58)
Therefore figure (3) sets a limit to the energy amount that the spatial inhomogeneities contribute to asΩinhom0 < 0.75. Using
(14), (9) and the latter upper bound we finally get an estimate of the deceleration parameter at the present time as
q0 ∼−0.25. (59)
It is interesting to note that the second law of thermodynamics suggests that this model of the universe undergoes an
accelerated expansion at the present time even though there are no dark fluids driving its evolution, contrary to the case
of the Friedmann model commonly adopted in the standard cosmological modeling, but thanks to the role played by the
spatial inhomogeneities. Moreover, this procedure allows an alternative estimate of the deceleration parameter which does
not rely on the supernovae data. The fact that its absolute value is smaller than the one inferred in a Friedmann framework
should not come as a surprise because other inhomogeneous cosmological models predict similar properties, the timescape
cosmology just being one example [56], and for this reason it does not rule out the validity of the Stephani model but it must
be interpreted as one of its genuine physical feature.
IV. CONCLUSIONS
Estimates of the values of the cosmological parameters, like the energy-matter abundance and the expansion history of the
universe, are usually done within the Friedmann paradigm. The experimental points are likely to change when a different
geometrical model is assumed (see for example the figures in [15] about how the Union 2.1 data points should be re-derived
for the Tolman-Lemaître-Bondi model even before testing the model). In fact many observation techniques are based on
reconstructing the travel of light rays which will differ in spacetimes with different curvature. Since these modifications
are non-trivial, forcing a non-Friedmann model to be Friedmann-like in its rate of expansion, its deceleration, its present
day amount of entropy, its age, its matter abundance, etc, as done in the previous analysis of the holographic principle in a
Stephani universe [47] is highly unnatural and conceptually unmotivated. In fact particles are subject to completely different
types of gravitational potentials during their motion, because in the former case they experience a curvature which is different
in each point along their path while in the latter case only an average effect of the spacetime curvature is taken into account.
A different gravitational potential will first of all affect the relationship between redshift and cosmic time and may contribute
as well with a drift term to former. For example, [57] already quantified possible quantitative deviations to the abundance
10
0.2 0.4 0.6 0.8 1.0 Ωm0
-0.4
-0.3
-0.2
-0.1
0.1
h(Ωm0)
FIG. 3: The figure shows the behavior of the function the function h(Ωm0)= 3
p
Ωm0−2Ωm0−1 in the interval of physical interest.
of regular matter due to the presence of inhomogeneities. Only recently, some model-independent techniques for testing
non-isotropic and non-homogeneous universe have been developed [56, 58]. Therefore studies of cosmological models
without referencing to Friedmann are scarce. In this paper we have proposed a route for testing the holographic principle and
the second law of thermodynamics in a Model II Stephani cosmology, which does not require us to force the model to be
Friedmann-like. As a sanity check we recover the already known results for the former in the limit of a flat homogeneous
universe even without the problem of the tension between small or large scale estimates of the Hubble parameter [59]. Since
our analysis of the holographic principle does not rely on any assumption on the matter content of the universe, our results
can be applied both to late time cosmology or to the early universe whose evolutions are likely to be driven by different type of
fluids, dust in the former or stringy scalar fields in the latter.
The model considered here is shear-free. Thus we performed our analysis in terms of the rate of expansion and of the
matter parameters. However the shear may play a role in the early universe even though its present day amount is negligible
[60], and its presence should be accounted for when studying thermodynamics during the inflationary epoch. This provides
us the opportunity to repeat our analysis in the class of spacetime metrics [61–65] which are shearing and supported by a stiff
fluid. Since the latter is equivalent to a massless scalar field, we can analyze how it affects the entropic requirements for an
early universe as well in a future study.
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Appendix A: List of corrections to [47]
This appendix summarizes a list of numerical corrections to [47]. Note that a dust model is assumed, which contradicts
the actual equation of state for regular matter adopted. Even though after the modifications proposed in this appendix [47]
remains conceptually wrong, we think that they can help the reader in becoming familiar with the mathematical manipulations
involved in this project.
Position in the manuscript Published statement Correct statement
Line below Eq. (9) C (t )= A ·R(t ) C (t )= AR(t )
Eq. (10), 4th line γ=±√4βη+1 γ=±√4βη+ c2
Eq. (21) dH (t0)= βt
2
0+
p
4βη+1t0+η
1− β
c2
(βt20+
p
4βη+1t0+η)r 20
· r0 dH (t0)=
βt20+
√
4βη+c2t0+η
1− β
c2
(βt20+
√
4βη+c2t0+η)r 20
· r0
Eq. (22) r0 :=
∫ t0
0
c
βt2+p4βη+1t+ηdt
′ ≈ 3.6052×105
r0 :=
∫ t0
0
c
βt2+
√
4βη+c2t+η
dt ′
≈ 1.201774235
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Eq. (25) k = ...'−2.8573×10−11 k = ...'−2.571487349
Eq. (26) rB (t0)= 3.7416×105 rB (t0)= 1.247204875
Sentence below Eq. (26)
The fact that k is extremely small is,
by itself, a good thing, since the
observed spatial curvature
of the Universe is close to being flat.
The sentence should be removed
because it does not hold
anymore
Three line below Eq. (26) r0 ≈ 3.6052×105 r0 ≈ 1.201774235
Eq. (27) r 2AHR˙
2(t )+ ( k(t )2 r 2AH−
k2(t )
16 r
4
AH−1)= 0
[
(−r 3AHk(t )−4rAH)R˙(t )+ k˙(t )r 3AHR(t )
+cr 2AHk(t )−4c
]
·
[
(r 3AHk(t )+4rAH)R˙(t )
−k˙(t )r 3AHR(t )+ cr 2AHk(t )−4c
]
= 0
Eq. (28)
r 2AH(2βt +
√
4βη+1)2− ( 2β(βt
2+p4βη+1t+η)
c2
r 2AH
−β
2(βt2+p4βη+1t+η)2
c4
r 4AH−1)= 0
[
β(βt2+
√
4βη+ c2)t +η)r 2
+2(βt +1/2
√
4βη+ c2))cr + c2
]
·
[
β(βt2+
√
4βη+ c2)t +η)r 2
−2(βt +1/2
√
4βη+ c2))cr + c2
]
= 0
Eq. (30) r1 ≈ 0.5291, r2 ≈ 2.6456×1011 r1 ≈ 0.6920, r2 ≈ 2.2476
Eq. (32) r˜1 ≈ 0.0139 Mpc ∼ 1022 cm r˜1,2 =±7874.324654 Mpc=±0.2429747178×1029 cm
Sentence below Eq. (32)
This value is much smaller than the
particle horizon 1029 cm ≈ 32407.7929 Mpc.
Only the positive value
associated to r1 is physical.
This value is of the same order of
magnitude of the particle horizon
1029 cm ≈ 32407.7929 Mpc.
Sentence below Eq. (32)
Therefore, unlike the flat FLRW universe
case, in which the size of the particle
horizon is comparable to that of the
apparent horizon, the apparent horizon in
this Stephani model is much smaller
than its particle horizon.
Therefore, like the flat FLRW universe
case, in which the size of the particle
horizon is comparable to that of the
apparent horizon, the apparent
horizon in this Stephani model
is close to its particle horizon.
Sentence below Eq. (42)
where
re = 0.7059733793×10−6
First line of the footnote
on page 7
The large difference between the values
of the two roots is due to large numbers
involved in the coefficients, such as c.
This sentence should be removed
because it does not hold anymore.
Eq. (44) rAH = r1(te )≈ 0.8305
rAH = r1(te )= 0.90742071810.
Note that it remains true that
r1(te )> r1(t0).
Fig. (1) on page 9 See below
Eq. (45) Sm ≈ 1.0742×1058 J/K Sm = 0.964643×1015 J/K for r1
Sentence below Eq. (45) Sm ∼ 1081 these correspond to Sm ∼ 10
41,
and Sm ∼ 1039 respectively
Eq. (47) ρ = 3
8piG(β t2+γ t+η)2 > 0 ρ =
3c2
8piG(β t2+γ t+η)2 > 0
Eq. (48) ρ+3P/c2 =− 3βr
2/c2
4piG(β t2+γt+η) > 0 ρ+3P/c
2 =− 3βr
2
4piG(β t2+γt+η) > 0
Eq. (49) ρ+P/c2 = 1−βr
2(β t2+γ t+η)/c2
4piG(β t2+γt+η)2 > 0 ρ+P/c
2 = c
2−βr 2(β t2+γ t+η)
4piG(β t2+γt+η)2 > 0
Eq. (50) ρ−P/c2 = 2+βr
2(β t2+γ t+η)/c2
4piG(β t2+γt+η)2 > 0 ρ−P/c
2 = 2c
2+βr 2(β t2+γ t+η)
4piG(β t2+γt+η)2 > 0
Eq. (54)
√
4βη+1≈ 0.04916β
√
4βη+ c2 ≈ 0.04916β
Eq. (55) 72= 2βt0+
p
4βη+1
βt20+
p
4βη+1+η 72=
2βt0+
√
4βη+c2
βt20+t0
√
4βη+c2+η
Eq. (56) β≈ 24.4925, η≈ 0.004591 β≈ 7.3473×10
6 km2/(s2 ·Mpc),
η≈ 1377.161824 Mpc
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Eq. (59)
m =M +25+5log10
[
cz
(
βt2−γt+η
2βt−γ
)]
+1.086z
[
1+2β (βt
2−γt+η)
(2βt−γ)2
]
m =M +25+5log10
[
cz
(
βt2+γt+η
2βt+γ
)]
+1.086z
[
1+4β (βt
2+γt+η)
(2βt+γ)2
]
Note that the correct formula
appears in [27] and not in [51]
Eq. (61)
This equation requires ω=− 13
and not ω= 0 as instead used in the
paper for comparing model vs.
supernova data.
Eq. (61)
Note that at this time, the most
recent supernovae catalog is
called pantheon
[31] and not Union 2.1
TABLE II: This table summarizes a list of technical mistakes in EPJC 78 (2018)
405.
To summarize (ignoring the conceptual mistake about the type of matter component and consequently the physical
interpretation of the model): the Stephani model considered in [47] can account for the supernova data, as contrary written
there (one can easily see this as well from the deceleration parameter q =−2β< 0 and the independent analysis in [27, 51, 54]),
and satisfies the cosmological holographic principle for an appropriate amount of inhomogeneities.
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